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Abstract 

A p-mean coloring of a graph is a coloring of the edges such that the average number of 
colors incident with each vertex is at most p. For a graph H and for p > 1, the mean Ramsey- 
Turdn number RT{n, H, p — mean) is the maximum number of edges a p-mean colored graph 
with n vertices can have under the condition it does not have a monochromatic copy of H . It 
is conjectured that RT{n, K^^, 2 — mean) = RT{n, K„i, 2) where RT{n, H, k) is the maximum 
number of edges a k edge-colored graph with n vertices can have under the condition it does 
not have a monochromatic copy of H. We prove the conjecture holds for K^. We also prove 
that RT{n, H, p — mean) < RT{n, K^(^h), p — mean) + o(n^). This result is tight for graphs 
H whose clique number equals their chromatic number. In particular we get that if iJ is a 
3-chromatic graph having a triangle then RT{n, i7, 2 — mean) = RT{n, K^, 2 — mean) + o(n^) ~ 
RT{n, Ks, 2) + o(n2) = 0.4n2(l + o(l)). 

1 Introduction 

All graphs considered are finite, undirected and simple. For standard graph-theoretic terminology 
see m. Ramsey and Turan type problems are central problems in extremal graph theory. These 
two topics intersect in Ramsey-Turdn Theory which is now a wide field of research with many 
interesting results and open problems. The survey of Simonovits and Sos jllj is an excellent 
reference for Ramsey- Turan Theory. 

The Ramsey number R{H, k) is the minimum integer n such that in any fc-coloring of the edges 
of Kn there is a monochromatic H. An edge coloring is called k-local if every vertex is incident with 
at most k colors. The local Ramsey number R{H, k — lac) is the minimum integer n such that in any 
fc-local coloring of the edges of Kn there is a monochromatic H. An edge coloring is called p-mean if 
the average number of colors incident with each every vertex is at most p. The mean Ramsey number 
R{H, p — mean) is the minimum integer n such that in any p-mean coloring of the edges of 
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there is a monochromatic H. Clearly, R{H, k) < R{H, k — loc) < R{H, k — mean). The relationship 
between these three parameters has been studied by various researchers. See, e.g., H1|^|7|E]. In 
particular, Gyarfas et. al. proved that R(Km, 2) = R{Km, 2 — loc). Caro and Tuza proved that 
R{Km,2 — loc) = R{Km,2 — mean) and Schelp jTU] proved that R{Km, k — loc) = R{Km, k — mean). 

The Ramsey- Turdn number RT(n, H,k) is the maximum number of edges a A;-colored graph 
with n vertices can have under the condition it does not have a monochromatic copy of H. We 
analogously define the local and mean Ramsey- Turan numbers, denoted RT(n, H,k — loc) and 
RT{n, H, p — mean) respectively, to be the maximum number of edges a fc-local (resp. p-mean) 
colored graph with n vertices can have under the condition it does not have a monochromatic copy 
of H. Clearly, RT{n, H, k) < RT{n, H,k- loc) < RT{n, H,k- mean). 

The relationship between RT{n,H,k), Ramsey numbers and Turan numbers is well-known. 
The Turan graph T(n, k) is the complete fc-partite graph with n vertices whose vertex classes are 
as equal as possible. Let t{n,k) be the number of edges of T{n,k). Burr, Erdos and Lovasz 
P] introduced the Ramsey function r{H, k) which is the smallest integer r for which there exists a 
complete r-partite graph having the property that any k edge-coloring of it has a monochromatic H. 
For example, r{Km,k) = R(Km,k) and r(C5,2) = 5. Clearly, RT{n, Km, k) = t{n, R(Km,k) — 1). 
As shown in Theorem 13 in it follows from the Erdos-Stone Theorem ^6 that 



Clearly, a similar relationship holds between RT{n, H,k — loc) and the analogous Ramsey function 
r{H, k — loc). However, no such relationship is known for RT{n, H,k — mean). We conjecture that 
such a relationship holds. 

Conjecture 1.1 



Combining this with the fact that R{Km,2) = R{Km,'2 — loc) = R{Km,'2 — mean) we have the 
following stronger conjecture for complete graphs and k = 2. 

Conjecture 1.2 



For non-integral values of p is is not even clear what the right conjecture for RT{n, H, p — mean) 
should be. 



The first result of this paper shows that Conjecture 11.21 holds for K^. 
Theorem 1.3 RT{n, K3, 2 - mean) = RT{n, K3, 2) = t{n, R{K3, 2) - 1) = t(n, 5) = [0.4n2j . 





RT{n, Km, 2 - mean) = RT{n, Km, 2) = t{n, R{Km, 2) - 1). 
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The second result of this paper asserts that RT{n, H, p — mean) is bounded by a function of the 
chromatic number of H. In fact, for graphs whose clique number equals their chromatic number, 
RT{n, H, p — mean) is essentially determined by the chromatic number of H. 

Theorem 1.4 For all p> 1 and for all graphs H , RT(n, H, p — mean) < RT{n, K^(^jj'j, p—mean) + 
o(n^). In particular, if the chromatic number of H equals its clique number then RT{n, H, p — 
mean) = RT{n, K^i^fj) > P ~ mean) + o(n^) . 

The proof of Theorem 11.41 uses a colored version of Szemeredi's Regularity Lemma together with 
several additional ideas. Notice that the trivial case p = 1 in Theorem 11.41 is equivalent to the 
Erdos-Stone Theorem. Combining Theorem 11.31 with Theorem 1 1 . 41 we obtain: 

Corollary 1.5 Let H be a 3-chromatic graph. Then, RT{n, H,2 — mean) < 0.4n^(l + o(l)). If H 
contains a triangle then RT{n, H,2 — mean) = 0.4n^(l + o(l)). ■ 

The next section contains the proof of Theorem 11.31 Section 3 contains the proof of Theorem 11.41 

2 Proof of Theorem Ol 

We need to prove that RT{n, K^, 2 — mean) = t{n, 5). Since has a 2-coloring with no monochro- 
matic triangle, so does T{n,5). Hence, i?T(n,i^3,2 — mean) > t{n,5). We will show that 
RT(n, K^, 2 — mean) < t{n, 5). Clearly, the result is trivially true for n < 6, so we assume n > 6. 
Our proof proceeds by induction on n. Let G have n > 6 vertices and more than t(n, 5) edges. 
Clearly we may assume that G has precisely t{n, 5) + 1 edges. Consider any given 2-mean coloring 
of G. If n = 6 then G = Kq. Recall from the introduction that R{K3, 2 — mean) = R{K3, 2) = 6. 
As a 2-mean coloring of Kq contains a monochromatic triangle this base case of the induction 
holds. If n = 7 then G is Kj . Again, it is trivial to check that any 2-mean coloring of Kj con- 
tains a monochromatic triangle. Similarly, if n = 8 then G is a Kq missing two edges and it is 
straightforward to verify that any 2-mean coloring of such a G contains a monochromatic triangle. 

Assume the theorem holds for all 6 < n' < n and n > 9. For a vertex v, let c{v) denote the 
number of colors incident with v and let d{v) denote the degree of v. 

If some V has c{v) > 2 and d{v) < 4n/5 then G — v is also 2-mean colored and has more than 
t{n — 1,5) edges. Hence, by the induction hypothesis, G — v has a monochromatic triangle. 

Otherwise, if some v has c{v) = 1 and d{v) < 3n/5 then let w he a vertex with maximum 
c{w). Then, G — {v,w} is also 2-mean colored and has more than t{n — 2,5) edges. Hence, by the 
induction hypothesis, G — {v, w} has a monochromatic triangle. 

Otherwise, if v is an isolated vertex of G then let u and w be two distinct vertices having 
maximum c(n) -|- c{w). Then, G — {v, u, w} is 2-mean colored and has more than t{n — 3, 5) edges. 
Hence, by the induction hypothesis, G — {v, u, w} has a monochromatic triangle. 
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We are left with the case where 5{G) > 3n/5 and whenever c{v) > 2 then also d{v) > 4n/5. 
Let V be with c{v) = 1 (if no such v exists then the graph is 2-local colored and hence contains a 
monochromatic triangle as, trivially, RT{n,K^,2 — loc) = t{n,5)). We may assume that 3n/5 < 
d{v) < 4n/5, since otherwise we would have d{G) > 4n/5 which is impossible for a graph with 

5) + 1 edges. Consider the neighborhood of v, denoted N{v). Clearly, if w £ N(v) then 
c{w) > 1 otherwise (because d{w) > 3n/5) there must be some w' G N{v) for which (v,w,w') is a 
monochromatic triangle and we are done. Thus, the minimum degree of G[N(v)] is greater than 
d{v) — n/5. Since d{v) > 3n/5 it follows that G[N{v)] has minimum degree greater than 2\N{v)\/3. 
If |A^(f)| is divisible by 3 then the theorem of Corradi and Hajnal [5] implies that G[N(v)] has a 
triangle factor. If |A^(v)| — 1 is divisible by 3 then the theorem of Hajnal and Szemeredi |S] implies 
that G[N{v)] has a factor into (|A^(w)| — 4)/3 triangles and one K4. If |A^(v)| — 2 is divisible by 
3 then, similarly, G[N(v)] has a factor into (|A^(t;)| — 8)/3 triangles and two or (|A^(t>)| — 5)/3 
triangles and one K^. Assume that G has no monochromatic triangle. The sum of colors incident 
with the vertices of any non-monochromatic triangle is at least 5 = 3- (5/3). The sum of colors 
incident with the vertices of any K4 having no monochromatic triangle is at least 8 > 4 - (5/3). The 
sum of colors incident with the vertices of any Kr, having no monochromatic triangle is at least 
10 > 5 • (5/3). Thus, 

2n > y c(v) > n H — d(v) > n H — • —n = 2n 
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a contradiction. 



3 Proof of Theorem 11.41 

Before we prove Theorem II .41 we need several to establish several lemmas. 

Lemma 3.1 For every e > there exists a = a{e) > such that for all m sufficiently large, if 
a graph has m vertices and more than RT(m, Kg, p — mean) + em^/4 edges and is {p + a)-mean 
colored, then it has a monochromatic Kg. 

Proof: Pick a such that em? /A > {am+l){m — l) for all sufficiently large m. Given a graph G with 
m vertices and more than RT{m, Kg, p — mean) + em^/4 edges, consider a (p + a)-mean coloring of 
G. By picking [am] non-isolated vertices of G and deleting all edges incident with them we obtain a 
spanning subgraph of G with m vertices, more than RT{m, Kg, p—mean)+em'^ / A — [an+l){n — l) > 
RT{m, Kg, p — mean) edges, and which is p-mean colored. By definition, it has a monochromatic 
Kg. U 

Lemma 3.2 If n is a multiple of m then RT{n, Kg, p — mean) > RT{m, Kg, p — mean)n'^ / m^ . 
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Proof: Let G be a graph with m vertices and RT{m, K^., p — mean) edges having a p-mean 
coloring without a monochromatic Ks- Let G' be obtained from G by replacing each vertex v 
with an independent set of size n/m. For u ^ v, we connect a vertex from X„ with a vertex 
from if and only if uv is an edge of G, and we color this edge with the same color of uv. 
Clearly, G' has RT{m, Kg, p — mean)Tn?/m? edges, the corresponding coloring is also p-mean, and 
there is no monochromatic Kg in G' . As G' has n vertices we have that RT(n, Kg, p — mean) > 
RT{m, Kg, p — mean)n'^ /m^ . ■ 

As mentioned in the introduction, our main tool in proving Theorem 11.41 is a colored version 
of Szemeredi's Regularity Lemma. We now give the necessary definitions and the statement of the 
lemma. 

Let G = (y, E) be a graph, and let A and B be two disjoint subsets of V . If A and B are 
non-empty, let e(A, B) denote the number of edges with one endpoint in A and another endpoint 
in B and define the density of edges between A and B by 

For 7 > the pair (A, B) is called j-regular if for every X C A and Y C B satisfying \X\ > 7|j4| 
and \Y\ > 7|-B| we have 

\d{X,Y)-d{A,B)\<-f. 

An equitable partition of a set y is a partition of V into pairwise disjoint classes Vi,... ,Vm of 
almost equal size, i.e., ||Vi| — < 1 for all An equitable partition of the set of vertices V of 
G into the classes Vi, . . . , Ym is called j-regular if \Vi\ < 'y\V\ for every i and all but at most 7(™) 
of the pairs {Vi,Vj) are 7-regular. Szemeredi ^2 proved the following. 

Lemma 3.3 For every 7 > 0, there is an integer M{^) > such that for every graph G of order 
n > M there is a ^-regular partition of the vertex set of G into m classes, for some I/7 < m < M . 

To prove Theorem 11.41 we will need a colored version of the Regularity Lemma. Its proof is a 
straightforward modification of the proof of the original result (see, e.g., ^ for details). 

Lemma 3.4 For every 7 > and integer r, there exists an M{-y,r) such that if the edges of a 
graph G of order n > M are r- colored E{G) = EiU ■ ■ ■ U Er, then there is a partition of the vertex 
set V{G) = Vi U ■ • • U Vm, with I/7 < m < M , which is ^-regular simultaneously with respect to all 
graphs Gi = {V, Ei) for 1 < i < r. 

A useful notion associated with a 7-regular partition is that of a cluster graph. Suppose that 
G is a graph with a 7-regular partition V = Vi U • • • U Vm, and 7/ > is some fixed constant (to 
be thought of as small, but much larger than 7.) The cluster graph G{ri) is defined on the vertex 
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set {1, . . . , m} by declaring ij to be an edge if {Vi, Vj) is a 7-regular pair with edge density at least 
ij. From the definition, one might expect that if a cluster graph contains a copy of a fixed clique 
then so does the original graph. This is indeed the case, as established in the following well-known 
lemma (see [0]), which says more generally that if the cluster graph contains a Kg then, for any 
fixed t, the original graph contains the Turan graph T{st, s). 

Lemma 3.5 For every r] > and positive integers s, t there exist a positive 7 = 7(7/, s, t) and a 
positive integer hq = no(ri,s,t) with the following property. Suppose that G is a graph of order 
n > no with a ^-regular partition V = ViU ■ ■ - U Vm- Let C{r]) be the cluster graph of the partition. 
IfC{r}) contains a Kg then G contains a T(st,s). 

Proof of Theorem II. 4t Fix an s-chromatic graph H and fix a real p > 1. We may assume s > 3 
as the theorem is trivially true (and meaningless) for bipartite graphs. Let e > 0. We prove that 
there exists A'^ = N{H, p, e) such that for all n > A^, if G is a graph with n vertices and more than 
RT{n, Kg, p — mean) + en^ edges then any p-mean coloring of G contains a monochromatic copy 



We shall use the following parameters. Let t be the smallest integer for which T(st, s) contains 
H. Let r = . In the proof we shall choose rj to be sufficiently small as a function of e alone. 

Let a = a{e) be as in lemma 1X11 Let 7 be chosen such that (i) 7 < r]/r, (ii) p/{l — -yr) < p + a, 
(iii) 1/7 is larger than the minimal m for which Lemma [3 . 1 1 holds . (iv) 7 < 7(7/, s, t) where 7(7/, s, t) 
is the function from Lemma 13.51 In the proof we shall assume, whenever necessary, that n is 
sufficiently large w.r.t. all of these constants, and hence N = N{H, p, e) exists. In particular, 
N > no(??, where nQ{rj,s,t) is the function from Lemma 13.51 and also N > M(7,r) where 
M(7, r) is the function from Lemma 13.41 

Let G = {V,E) be a graph with n vertices and with \E\ > RT{n, Kg, p — mean) + en^. Notice 
that since s > 3 and since RT{n, Kg, p — mean) > RT{n,K3, 1) = t{n,2) = [n^/4j we have that 
71^/2 > \E\ > 71^/4. Fix a p-mean coloring of G. Assume the colors are {1, . . . ,q} for some q and let 
Cj denote the number of edges colored with i. Without loss of generality we assume that Cj > Cj+i. 
We first show that the first r colors already satisfy ci + C2 + • • • + c,. > \E\ — er? 12. Indeed, assume 
otherwise. Since, trivially, c^+i < \E\lr, let us partition the colors {r + 1, . . . ,g} into parts such 
that for each part (except, perhaps, the last part) the total number of edges colored with a color 
belonging to the part is between \E\lr and 2\E\lr. The number of edges colored by a color from 
the last part is at most 2|£'|/r. The number of parts is, therefore, at least 



of R. 
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Since any set of z edges is incident with at least \plz vertices we have that the total number of 
vertices incident with colors r + 1 and higher is at least 

/e \ / e n tJr 

(-r-lj ^2\E\lr>-r^^=-j=n>pn^ 

a contradiction to the fact that G is p-mean colored. 

Let Ei be the set of edges colored i, let Gi = {V, Ei), let E' = EiU ■■ -U Er and let G' = {V, E'). 
By the argument above, \E'\ > RT{n, Ks, p — mean) + en?/2 and G' is p-mean colored. It suffices 
to show that G' has a copy of H. 

We apply Lemma 13.41 to G' and obtain a partition of V into m classes Vi U • • • U Vm where 
1/7 < m < M which is 7-regular simultaneously with respect to all graphs Gi = {V,Ei) for 
1 < i < r. Consider the cluster graph C{rj). By choosing 77 sufficiently small as a function of e we 
are guaranteed that C(ry) has at least RT{m, Kg, p — mean) + edges. To see this, notice that 

if G{rj) had less edges then, by Lemma 13.21 by the definition of 7-regularity and by the definition 
of C{rj), the number of edges of G' would have been at most 

{Rnm,K,,p-mean) + -m)—^+^—^[^^j+^[^^j—^ + [^ 2 J"^ 

n^ € 6 
< RT(m, Kg, p — mean) — ^ H — n^ < RT(n, Kg, p — mean) H — 

2 2 

contradicting the cardinality of In the last inequality we assume each color class has size 

n/m precisely. This may clearly be assumed since fioors and ceilings may be dropped due to the 

asymptotic nature of our result. 

We define a coloring of the edges of C{r]) as follows. The edge ij is colored by the color whose 

frequency in E'(Vi,Vj) is maximal. Notice that this frequency is at least {n? / m^)!] / r . Let p* be 

the average number of colors incident with each vertex in this coloring of G{i]). We will show that 

p* < p + a. For i = 1, . . . , m let c(j) denote the number of colors incident with vertex j in our 

coloring of G{r}). Clearly, c(l) + • • • + c(m) = p*m. For v , let c{v) denote the number of colors 

incident with vertex v in the coloring of G' . Clearly, ^^^y c{v) < pn. We will show that almost all 

vertices v ^Vj have c{v) > c{j). Assume that color i appears in vertex j of C(r?). Let Vj^i C Vj be 

the set of vertices of Vj incident with color i in G' . We claim that \Vj — Vj^i\ < ^n/m. Indeed, if this 

was not the case then by letting Y = Vj — Vj^i and letting X = Vj' where j' is any class for which 

jj' is colored i we have that d{X, Y) = with respect to color i, while d{Vj, Vji) > ij/r with respect 

to color i. Since ij/r > ^ this contradicts the 7-regularity of the pair (Vj, Vj') with respect to color 

i. Now, let Wj = {v £ Vj : c{v) > c{j)}. We have therefore shown that \Wj\ > \Vj\ — ^rn/m. 

Hence, 

m m 

pn > ^c(t;) > X] X] "^("^ - = /3*n(l -7r). 

ve.v j=i v£Wj j=i 
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It follows that 



P* < —^<P + a. 
1 — 7r 



We may now apply Lemma l3.1l to C(r/) and obtain that C(r/) has a monochromatic Kg, say with 
color j. By Lemma 13.51 fapplied to the spanning subgraph of C{rj) induced by the edges colored j) 
this implies that Gj = (V^Ej) contains a copy of T{st,s). In particular, there is a monochromatic 
copy of H in G. We have therefore proved that RT{n, H, p — mean) < RT{n, Kg, p — mean) + en^. 
Now, if H contains a Kg then we also trivially have RT{n, H, p — mean) > RT{n, Kg, p — mean). 
This completes the proof of Theorem 11.41 ■ 
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